We investigate the cosmological perturbation theory and calculate the perturbation spectra in the warm kinflation. Unlike the scalar perturbations of k-inflation in the cold inflationary scenario, entropy perturbations should be considered in our model. We study how the entropy perturbations affect the evolution of curvature perturbation R on the comoving hypersurfaces and find the dissipation coefficient Γ plays a central role in the entropy perturbations and the evolution equation of R. In the weak dissipation condition, entropy perturbations on the large scale can be neglected such that the primordial spectrum of cosmological perturbations is due only to adiabatic perturbations. Like general warm inflationary models, density fluctuations also mainly originated from the thermal fluctuations of the inflaton field rather than the vacuum fluctuations in our model. Finally, we calculate the perturbation spectra and the tensor-to-scalar ratio, then find the tensor-to-scalar ratio is smaller than that in the k-inflation or the general potential-driven cold inflationary models.
I. INTRODUCTION
Inflation is the most successful theory that we have available for explaining the large scale structure of the Universe. In the previous studies, inflationary dynamics were realized in two different methods. In the initial picture, termed "standard inflation" or "cold inflation", the Universe rapidly supercools during an inflation stage and subsequently a reheating stage is invoked to end inflation and fill the Universe with radiation [1] [2] [3] [4] . In the other picture, termed "warm inflation", the radiation is produced throughout inflation so that its energy density is kept nearly constant in this phase. This is accomplished by introducing a dissipation term Γ in the equation of motion for the inflaton field, considering a continuous energy transfer from its decay. As a result, no reheating is necessary, since we expect that enough radiation is produced to provide a smooth transition to the radiation era at the end of inflation [5] [6] [7] .
In cold inflation, it is generally considered that inflation produced seeds that give rise to the large-scale structure and the observed little anisotropy of the cosmological microwave background (CMB) through the vacuum fluctuations of inflaton field [8] [9] [10] [11] . However, the seeds are no longer generated via quantum fluctuations in warm inflation but are dominated by the larger thermal fluctuations [5, 12, 13] . These have their origin in the hot radiation and influence the inflaton through a thermal noise term ξ(x, t) in the equation of motion.
In general research concerned with inflation, the potential energy of the inflaton field is the dominating energy and drives the inflation during the inflationary epoch in the cold or warm inflation. However, a novel model called "k-inflation" provided by Mukhanov [14] only has a general class of nonstan-dard (i.e., nonquadratic) kinetic energy terms for a scalar field, which is a kind of kinetically driven inflationary model. Recently, we have extended k-inflation in the cold inflationary scenario to a possible warm inflationary scenario, so called warm k-inflation [15] . And the theory of cosmology perturbations in the k-inflation has been extended from that of the potential-driven model by Mukhanov [16] . However, it is very different from that in warm inflation, since during the warm inflationary phase, the constitutive components of the Universe are mainly two fields including the inflaton field and radiation, not only an inflaton field. In the two-field models like warm inflationary models, we are obliged to take into account entropy perturbations [17] [18] [19] [20] [21] [22] [23] [24] . The existence of entropy perturbations may provide a nontrivial evolution of the comoving curvature perturbation R, because this quantity is no longer frozen for large-scale modes as in single-field inflationary models [25] .
In this paper, we introduce the theory of cosmology perturbations and calculate the perturbation spectra in the warm k-inflation. First, we give the dynamical equations of warm k-inflation in the unperturbed Friedman-Robertson-Walker (FRW) background and the results of stability analysis of the system that have been discussed in Ref. [15] . Second, we study scalar perturbations of the FRW metric in comparison with general potential-driven inflationary models and k-inflation. Like the cosmology perturbation theory in the two-field inflation, entropy perturbations must be considered in the warm k-inflation. We find the entropy perturbations can be divided into two parts that are caused by the metric perturbation and the thermal dissipation, respectively. The dissipation term Γ plays an important role in the entropy perturbations. Since if Γ is of absence, the radiation will redshift away during inflation. Then, the overall scenario is reduced to a single field, in which entropy perturbations are neglected on the large scale [26] . When it is present, the radiation will be continuously produced rather than washed away. Then the comoving curvature perturbation R will be affected by the entropy perturbations and no longer adiabatic. However, the source term in the evo-lution equation of R can be neglected in the weak dissipation condition (r ≪ 1), which is still allowed in warm inflation, the evolution equation of R on the large scale will be approximately written asṘ ≃ 0 meaning that the entropy perturbations are no longer important and the primordial spectrum of the perturbations is due only to adiabatic perturbations. Third, we calculate the thermal fluctuations of the inflaton field in comparison with the vacuum fluctuations; then, we find density fluctuations also mainly originating from the thermal fluctuations of the inflaton field, which is consistent with the fundamental characteristic of cosmology perturbations in warm inflation [5] . Fourth, the perturbation spectra are worked out to compare to the previous theoretical results and the observable results. And we find the tensor-to-scalar ratio is smaller than that in the k-inflation or the general potential-driven cold inflationary models. Finally, we show the validity of the results and the consistency of the weak dissipation assumption through a specific case.
The paper is organized as follows. In Sec.II, basic dynamics of the homogenous inflaton field is briefly introduced in the warm k-inflation. Then in Sec.III, we will investigate the scalar perturbations of metric which are very different from those in the usual potential-driven cold inflationary models. Then, the thermal fluctuations of the inflaton field are studied in Sec.IV, and the spectra of scalar and tensor perturbations are discussed in Secs.V and VI. Finally, we draw the conclusions in Sec.VII.
II. DYNAMICS OF THE WARM k-INFLATION
We consider the most general local action for a scalar field coupled to radiation and Einstein gravity,
where g is the determinant of the metric, L(X, φ) is the Lagrangian density of the inflaton field, L γ is the Lagrangian density of the radiation field, and L int describes the interaction between the inflaton field and other fields. In this paper, we will use the signature (+, −, −, −). The Lagrangian density of the inflaton field takes the same simple form as that in Refs. [14, 15] ,
where X = (1/2)g µν ∂ µ φ∂ ν φ, and K(φ) is a function of the inflaton field φ, called " kinetic function ". The inflaton field in a spatially flat FRW Universe is described by an effective fluid with the energy-momentum tensor
where ρ φ , p φ and u µ are the energy density, pressure, and 4-velocity of the inflaton field. Indeed, varying the Lagrangian density of the inflaton field with respect to the metric, we can obtain the energy-momentum of the inflaton field,
where L X denotes a partial derivative of the Lagrangian L(X, φ) with respect to X. Comparing Eq.(4) to Eq.(3), we find
where σ denotes the sign ofφ (whenφ > 0, σ = 1; otherwise, σ = −1 ). The dynamics of the FRW cosmological model in the warm k-inflation [15] is described by the equations
where
, ρ γ is the energy density of radiation and Γ is the dissipative coefficient in warm inflation. The dissipative coefficient phenomenologically describes the decay of the inflaton field φ into radiation via the interaction Lagrangian L int during the inflationary phase. As usual, we consider a homogeneous background scalar field X = 1 2φ 2 ; then, the equation of motion of inflaton field can be obtained by substituting Eqs. (5) and (6) into Eq. (9),
where K φ is a derivative of kinetic function K(φ) with respect to the inflaton field and the dissipative rate is defined as r ≡ Γ 3H .
Since the exact Eqs. (8), (10), and (11) are difficult to solve, a slow-roll approximation is often applied. And we have performed a stability analysis to obtain the slow-roll conditions for the systems that remain close to the quasiexponential inflationary attractor within many Hubble times [15] . These slowroll conditions are
where the parameters ǫ =
Among the definition of the parameters, the dot denotes the derivative of quantities with respect to time, and the subscripts denote the partial derivative of the quantities with respect to the inflaton field or temperature. In addition, quasiexponential warm k-inflation ensures the terṁ φ 2 + K + r is a small positive quantity andφ 2 has the same order of magnitude as |K(φ)| [15] .
During the inflationary era, it is well inside slow-roll period, the energy density associated with the inflaton field is the order of 1 4 |K|φ 2 , i.e. ρ φ ∼ 1 4 |K|φ 2 , and dominates over the energy density associated with the radiation field, i.e. ρ φ > ρ γ . Thus, the Friedmann equation (8) can be reduced to
Then, according to the general assumptionφ ≪ Hφ during the inflation [11] , Eq. (11) becomes
where the dissipative rate r parametrizes the dissipative strength of our model. When r ≪ 1 (weak dissipation regime), dissipation is not strong enough to affect the background dynamical evolution of the inflaton field. However, the thermal fluctuations of the radiation energy density will modify the field fluctuations and affect the primordial spectrum of perturbations, which will be reflected in the results of the article. When r ≫ 1 (strong dissipation regime), dissipation will dominate both the background dynamics and the fluctuations, which causes slow-roll conditions to be satisfied more easily. Generally, the radiation energy in warm inflation does not vanish because vacuum energy is continuously being dissipated at the rateρ v = −Γφ 2 . So, we find Γφ 2 in the right side of Eq.(10) will act like a source term which is feeding in radiation energy, while the second term 4Hρ γ in the left side of Eq. (10) is a damping term that is depleting it away. When H, Γ, and φ are slowly varying, which is the so-called slow-roll approximation during inflation, there will be some nonzero steady-state point for ρ γ , which means that radiation production can be considered quasi-stable [5] , i.e.ρ γ ≃ 0. From Eq.(10) we obtain the density of radiation
Using Eqs. (13)− (15), a relation between ρ γ and ρ φ is obtained
where L X =φ 2 + K. The condition ǫ ≪ 1 through stability analysis is rewritten in terms of Eq.(16) as
which describes the epoch in which the warm k-inflation occurs. On the other hand, inflation ends when the Universe goes to the radiation-dominated rage, at a time when ǫ ≃ 1, which means ρ φ ≃ 2(L X +r) r ρ γ . The number of e-folds at the end of inflation is given by
where φ i is the initial value of the inflaton field and φ e is the final value of the inflaton field.
III. SCALAR PERTURBATIONS
In this section, we will consider the scalar perturbations of the metric, since it is different from that of general potentialdriven inflationary models or k-inflation in the cold inflationary scenario. We consider the inhomogeneous scalar perturbations of the spatially flat FRW background described by the metric in the longitudinal gauge
where a(t) is the scale factor, Φ = Φ(t, x) and Ψ = Ψ(t, x) are the metric perturbations. Φ and Ψ are gauge-invariant variables introduced by Bardeen [18] . The dominant components of the Universe are constituted by the radiation and the inflaton field interacting through the dissipation term Γ. In momentum space, for the Fourier components e ikx , with k being the comoving wave number, the perturbed Einstein equations (we omit the subscript k) are
In the above equations, the dot signifies a derivative with respect to t; ρ and p are the total energy density and pressure, respectively; δρ and δp are the linear perturbations of the total energy density and pressure, respectively; δu is the scalar part of the linear perturbation of the 4-velocity. And because the perturbation of the total energy-momentum tensor dose not give rise to the anisotropic stress, Ψ = Φ [11] . In warm inflation, the linear perturbations of the total energy density and pressure have the relation [17, 25, 27] 
where S denotes the entropy of system and δp N is the contribution to the perturbation of the pressure due to the variation of the effective equation of state that relates p and ρ, or entropy perturbation. In terms of Eqs. (20), (22) , and (23), we can obtain the evolution equation of comoving curvature perturbation R k in the momentum space,
, and it is a gauge-invariant quantity [11] that is a physical quantity to describe the scalar perturbations of the metric.
Next, we will consider how the entropy perturbation δp N influences the comoving curvature perturbation R k . First, δp N can be expressed as the other perturbation quantities such as δρ, δρ γ , Φ, and so on. According the conditions ρ γ ≪ ρ φ , ρ γ ≪ 4Hρ γ and the perturbed Einstein equations (20)- (22), we find
. From Eq.(25), the entropy perturbations can be divided into two parts, i.e. δp N = S Γ + S Φ , and they are
respectively. S Γ is induced by the dissipation coefficient Γ and the radiation which play an important role in the entropy perturbations. While S Φ is induced by the scalar perturbation of the metric Φ. In the cold inflation, Γ = 0, and ρ γ = 0; thus, S Γ = 0 and only the part S Φ exist, which is consistent with the previous result [26] . Second, we calculate the perturbed equations of the inflaton field and radiation in the longitudinal gauge. During the warm inflation, the main components of the Universe are the inflaton field and radiation. Their total energy momentum is conservative, while each is not conservative. And each satisfies
Because the total energy momentum is conservative, the interaction terms Q (γ) ν and Q (φ) ν satisfy the relation:
[28], we find the interaction terms can be expressed by
Thus, the linear perturbation of interaction terms is
In terms of Eqs. (28)- (32), we can get the perturbed equations of the inflaton field and radiation in the momentum space:
Because we just care about the scalar perturbations on the large scale (k ≪ aH), Eqs. (33)- (35) can be approximately written as
where we have used the slow-roll conditions (12) . Furthermore, according to Eqs. (24) and (36)- (38), the evolution equation of the comoving curvature perturbation R k on the large scale isṘ
From the above equation, the variation with time on the large scale of R k will be influenced by the dissipation coefficient Γ. The result we obtain is similar to the previous result for the potential-driven warm inflation [25] . When Γ is very small or r ≪ 1 (weak dissipation regime), the source term in the above equation can be neglected and the comoving curvature perturbation R k is adiabatic. The adiabatic perturbation will be mostly responsible for the primordial spectrum of scalar perturbations, which is consistent with the observable results [29] . Thus in the following sections, we will only discuss in the weak dissipation regime so thatṘ k ≃ 0. In the following, we will show that although the thermal dissipation is weak, it can obviously affect the primordial spectrum of scalar perturbations.
IV. THERMAL FLUCTUATIONS OF INFLATON FIELD
In this section, we will consider the thermal fluctuations of the inflaton field in the spatially flat gauge which is defined to be the slicing in which there is no curvature. Since it is simple to calculate the thermal fluctuations in this gauge, and when the dissipation coefficient Γ is independent of the temperature T , the evolution equations of thermal fluctuations and metric perturbations are decoupling, so it is easy to give the analytic results [30] . Thus, in this section we will make use of the spatially flat gauge and assume that Γ = Γ(φ). The perturbed FRW metric in this gauge is
where A(x, t) and B(x, t) are scalar perturbations of the metric. Under the space-time background described by the metric (40), we expand the inflaton field to linear order, φ(x, t) = φ(t) + δφ(x, t), where δφ(x, t) is the linear response due to the thermal stochastic noise ξ(x, t) in thermal system [23, 31] .
Thus the perturbed equations of inflaton field (33) in the spatially flat gauge become
where we have used the slow-roll conditions (12) . And the perturbed Einstein equation becomes
The metric perturbations A and B, which can be expressed by Eqs. (42) and (43) 
where we have introduced the thermal stochastic noise source ξ k (t) to truly describe the evolution of the thermal fluctuations. Equation (44) is called the Langevin equation which is used to describe the behavior of a scalar field interacting with radiation [13, 32, 33] . And in the above equation, we have used the relations c and L X =φ 2 + K. Because it is difficult to solve the Langevin equation analytically, we will consider a kind of reasonable approximate approach to get a formal solution of the equation. Since we only care about the perturbation spectra when horizon crossing, which is well inside the slow-roll inflationary regime and the slow roll regime is over damped [9] , the inertia termδφ k can be neglected in Eq.(44). Thus, the Langevin equation becomes [13, 21] 3H(L X c −2
Thus the analytic formal solution of the above equation is
and k p is the physical wave number, which can be expressed as k p = k/a. From the solution (46), we find that the larger k p is, the faster the relaxation rate is. If k p of one mode of the perturbed inflaton field δφ k is enough large to relax within a Hubble time, the mode will be thermal. Once the physical wave number k p to which one mode of δφ k corresponds is smaller than the freeze-out physical wave number k F , it will be not affected by thermal noise ξ k (t) during a Hubble time [13] . Based on the above discussion, the freeze-out physical wave number k F from the formula
From the above equation, the result in the warm k-inflation that the freezing time of thermal fluctuations of the inflaton field δφ k is earlier than that of the horizon crossing is similar to that of the general potential-driven noncanonical warm inflationary models [35] . And when the noncanonical warm inflation model is reduced to the canonical warm inflation model, i.e., c 2 s = 1 and L X = 1, k F will be same as that of the canonical warm inflation model [21] . Generally, the thermal fluctuations of the inflaton field δφ k in warm inflation can be expressed as δφ [13, 21] . Thus, from Eq.(47), we can obtain the thermal fluctuations of the inflaton field
where we omit the subscript k. Since during the period of warm inflation c s < 1 and the temperature satisfies the relation T > H, the thermal fluctuations of the inflaton field are that δφ 2 > [21] , so we find the density fluctuation in the warm k-inflation also mainly originates from the thermal fluctuations of the inflaton field, which is the fundamental characteristic of warm inflation perturbation theory.
V. PERTURBATION SPECTRA
In this section, we will work out the spectra of scalar perturbations and tensor perturbations. First, the spectrum of scalar perturbations P R and inflaton fluctuations δφ in cold inflation have the relation P R = Ḣ φ 2 δφ 2 . In warm inflation, when radiation production is quasistable and scalar perturbations are approximately adiabatic, the above relation can also estimate the power spectrum of scalar perturbations on the large scale [21] . According to the preceding analysis, warm k-inflation satisfies the above conditions. Thus we obtain the spectrum of scalar perturbations in the warm k-inflation:
where we have used P R cold = 
s . Since during warm inflationary period T > H and c s < 1, from Eq.(49) we find the spectrum of scalar perturbations in our model is larger than that of general cold inflationary models, i.e. P R warm > P R cold , which will result in that the tensor-to-scalar ratio becomes small in the following discussion. According to the formula n s − 1 = d ln P R d ln k , we can obtain the spectral index of scalar perturbations:
where ǫ, η, and b are slow-roll parameters in Eq. (12) . They are all much less than unity within the inflationary period. While β ≡φ Hφ and χ ≡ċ s c s H in Eq.(50), they are also much less than unity during the inflationary period [11, 14] . Therefore, the spectral index of scalar perturbations is nearly scale invariant, i.e., n s ≃ 1, which is consistent with the observable result [29] .
Next, we briefly discuss the spectrum of tensor perturbations. Since tensor perturbations do not couple to the thermal background and primordial gravitational waves are only generated by the quantum fluctuations of inflaton field as in cold inflation [21] , the spectrum and spectral index of tensor perturbations are given by usual expression
From Eqs.(49) and (51), we find the ratio of tensor to scalar is
where R cold is the ratio of the tensor to scalar in cold inflation, and R cold = P R cold P T cold = 16ǫ f z . From Eq.(53), we find the ratio of the tensor to scalar is no longer a fixed value, which is socalled consistency relation [34] in cold inflation. Since T > H and c s < 1 during the inflationary period, R warm < R cold . And in the original k-inflation [16] , R = 16c s ǫ f z which is also lager than R warm . Compared with some standard potential-driven inflationary models and the original k-inflation, R warm is more likely to be below the upper limit of R, and the observation predicts (R < 0.11) [29] . Therefore, warm k-inflation is different from general potential-driven cold inflationary models or k-inflation, and the analytic results computed by warm kinflation may be easier to consist with the observable results.
Because rc 2 s L X ≪ 1 and c s < 1 based on the consistency of warm k-inflation [15] , the condition for warm inflation T > H is approximately
Since the cosmic microwave background observations give a scalar power spectrum of 10 −10 on the large scales, very small amounts of the dissipation rate can contribute to warm k-inflation.
VII. CONCLUSIONS
In this paper, we mainly investigate the theory of cosmology perturbations and perturbation spectra in a kind of novel warm inflationary model, so-called warm k-inflation. We first give the dynamical equations of homogenous inflaton field in the unperturbed FRW background. And the emerging condition and end condition of warm k-inflation are obtained. Second, since warm k-inflation is a kind of two-field inflationary model, one should consider entropy perturbations. Entropy perturbations provide a nontrivial evolution of the comoving curvature perturbation R. Thus, we have discussed how the entropy perturbations in our model affect the evolution of the comoving curvature perturbation R in the longitudinal gauge. Then we find the entropy perturbations δp N could be divided into two parts, i.e., δp N = S Φ +S Γ . The scalar perturbations of the metric Φ and Ψ contribute to the part S Φ , and the dissipation coefficient Γ plays a central role the part S Γ in the entropy perturbations. In addition, Γ dominates the source term in the evolution equation of comoving curvature perturbation on the large scale. When the weak dissipation condition(r ≪ 1) is satisfied, the source term can be neglected such that the equation is reduced toṘ ≃ 0. As a result, the primordial spectrum of scalar perturbations is due only to adiabatic perturbations.
Furthermore, we find the thermal fluctuations of the inflaton field are larger than the vacuum fluctuations. Therefore we show that density fluctuations also mainly originate from the thermal fluctuations in the warm k-inflation, which is consistent with the basic feature of the cosmology perturbations in general warm inflationary models. Finally, the perturbation spectra and the tensor-to-scalar ratio are calculated. And we find the spectrum of scalar perturbations is larger than that in the general potential-driven cold inflationary models. On the contrary, the tensor-to-scalar ratio is smaller than the previous results. Further, considering a specific example, we find R warm < 0.091, which is below the upper limit of the observable result, and show the weak dissipation rate can result in warm k-inflation. Thus our model is more likely to be consistent with the observable results.
A better understanding of entropy perturbations in the strong dissipation condition enables us to investigate how the entropy perturbations and comoving curvature perturbation influence each other. And when the dissipation coefficient Γ is dependent of the temperature, which causes the equations of the inflaton field and radiation to be coupled, we will solve the coupled equations with a numerical method.
